Abstract-In this paper a method of calculating the inverse and direct dynamic model of cooperative manipulators handling flexible objects is presented. In order to solve the dynamics of this system, the closed chain is divided into two subsystems, one is flexible, representing the object and the other is rigid, representing the tree structure of the two manipulators. The two subsystems are connected by calculating the wrench transmitted by the end effectors. An analytic solution is obtained for the dynamic model. The proposed solution leads to a classification of objects grasped by multiple manipulators.
I. INTRODUCTION
The accurate control of flexible objects by robots is an interesting subject due to its industrial importance, notably in the medical [1] and food processing [2] sectors. The proposed solutions dealing with object flexibility are into two classes, sensor based [3] , [4] and model based [5] , [6] . In this work, we focus on model based solutions, where for closed chain cooperative robots research has been typically approached from an object oriented viewpoint. Cooperative robots can be considered as redundantly actuated systems since all the degrees of freedom of each manipulator are motorized. Thus the system can achieve secondary goals, such as load distribution [7] , backlash elimination [8] and optimization of independent actuators [9] . In addition to this, the object's internal state can be controlled. Depending on the object type and the grasp structure, the internal variables may represent the object's internal loading [10] , shape [11] , [12] or vibration [5] .
For systems manipulating rigid objects, the controlled states are divided into position and force variables. This has led to the adoption of classical force control schemes for cooperative systems. For example, hybrid position/force schemes are proposed in [13] , [14] while impedance controllers are proposed in [10] , [15] . If the object is fully flexible, the redundant actuators can be used to maintain the vibrations at an acceptable level. For example, in [16] , [17] , vibration suppression control schemes for a dual-arm system handling a beam are proposed. If the object is flexible in some directions but not in others [5] , [18] , both the vibration and internal forces must be taken into account as secondary control objectives. Objects of limited flexibility, where the manipulators are capable of directly controlling these variables, are said to be articulated. In this case, the redundant actuation can be used to control the object's state by using classical rigid body modeling techniques [19] . Alternatively, using lumped parameter methods [12] , [20] , the spring compression variables can be controlled during the object motion.
We propose a general modeling strategy that allows the identification and resolution of the above cases. The modeling *This work is supported by the ARMS project, French grant ANR-10-SEGI-008.
Authors are with theÉcole Centrale de Nantes and IRCCyN, 44321 Nantes France (e-mail: firstname.lastname@irccyn.ec-nantes.fr). strategy decouples the closed chain system into its rigid and flexible subsystems [6] . The derivation is carried out using distributed flexibilities i.e. modal analysis [21] . The subsystems are linked together by the wrench applied at the end effector's grasp.
The principal contribution of this paper is the derivation of the inverse and direct dynamic model of a general multi-arm system grasping a common object. The obtained solution is closed form, which is computationally more efficient than its numerical counterparts and can be exploited in the derivation of dynamic control laws. The equations give an insight into the object type. In contrast to previous works, the proposed algorithm can resolve diverse objects: rigid, articulated and objects whose flexibility can be represented by modal distribution, leading to increased modularity in potential applications. Three corresponding cases studies with solutions are presented and compared with a commercial simulator.
The layout of the paper is as follows. In Section II, the dynamic modeling of a flexible free body is recalled. In Section III the general dynamic equation for a cooperative system handling a flexible object is derived. The resolution of this equation and identification of the type of grasped object is given in Section IV. The conclusion to this work and possible areas of future research are given in Section V.
II. GENERALIZED NEWTON-EULER MODEL
This section recalls the modeling procedure for the flexible body. The object's flexibility is modeled using the generalized Newton-Euler model [21] , [22] . In this model, the NewtonEuler formalism is used to describe the rigid body motions while the Lagrangian formalism is used to describe its elastic motions. The main assumption in this formalism is that the flexible body motion can be approximated by the sum of the rigid body motions and the flexible body deformations.
A. Kinematic Modeling of a flexible body
The position, p i of any point i of the flexible body is obtained by the sum of the position of the body's reference Fig. 1 . Principle of Modal Superposition frame, denoted as p p , and the position vector r i as shown in Fig.1 .
r i is the position vector from frame R p to frame R i consisting of the corresponding vector for the rigid body, denoted as r i (0) and the deformation at point i:
q e = (q e1 . . . q ek . . . q eN ), is the N × 1 vector of generalized elastic coordinates whileq e andq e are the vectors of velocity and acceleration, respectively. By obtaining the derivative of (2):ṙ
ω p is defined as the vector of angular velocity of the moving object. Equation (3) gives the change in the relative position of point i. The kinematic twist of the flexible body at point i is given as:
which becomes
where
The shapes functions are divided by position, denoted as Φ dk and orientation denoted as Φ rk .
i S p is the (6 × 6) screw transformation matrix from frame p to frame i. v p is defined as the component of rigid velocity of the object, whilev p anḋ ω p denote the linear and angular acceleration. V i denotes the kinematic screw evaluated at point i. The forces and moments, denoted as f i and n i , applied to point i are transformed to the flexible body's origin by:
where Q p denotes the generalized elastic forces.
B. Dynamic Modeling of a flexible body
The flexible body's dynamic model is obtained using the principle of virtual powers [21] as:
where m denotes mass of the body, while the first moments of inertia are defined as MŜ T r . The total inertia tensor of the body is defined as I 0p . MS de is a (3 × N ) matrix. MS re is a (3 × N ) matrix. m ee is the (N × N ) elastic inertia matrix. The centrifugal and Coriolis forces, moments and generalized elastic forces are given by f c , n c and Q c respectively. The generalized stiffness and damping are given by K ee and D ee . Finally, λ f are elastic forces generated by the grasping constraints and g is the gravity vector. The full derivation of these terms is found in [21] .
III. DYNAMIC MODEL OF COOPERATIVE MANIPULATORS HANDLING FLEXIBLE OBJECTS
The procedure is outlined for a system of n non-redundant serial arms, composed of rigid links, grasping a common object. The i th arm, i = 1 . . . n,
• contains a i actuated joints and m i movable links.
• transmits a wrench of dimension c i to the object (1 ≤ c i ≤ 6 ).
We define:
The object is defined by N flexible coordinates (the dimension of the modal representation of the flexibility).
A. Rigid Arm Equations
The (m i × 1) vectors of joint positions, velocities, accelerations and torques of arm i are denoted as q i ,q i ,q i and Γ i respectively. The (c i × 1) vectors of velocity and acceleration at grasping point i, representing the terminal point of arm i, are defined as:
where J i (c i × m i ) is the kinematic Jacobian of arm i. Furthermore, for each arm the following quantities must be calculated: the inertia matrix A i (m i × m i ) and c i the (m i × 1) term representing the Coriolis, centrifugal and gravity torques.
Let us define A xi , a (c i × c i ) matrix, and c xi , a (c i × 1) vector, as the robots inertia matrix and the vector of Coriolis, centrifugal and gravity torques transformed to the Cartesian space at the grasp point i respectively [23] :
The kinematic Jacobian matrix relates the joint torques of robot i to the wrench transmitted by grasp point i, denoted as F i :
If the serial arm contains passive joints, which have always zero torque, then the columns of J −T i that correspond to the actuated joint must be extracted resulting in a matrix J −T ai with dimension (c i × a i ). Thus using (10), and (11), (12) becomes:
where τ i is a vector of a i components containing the actuated joint torques. Equation (13) relates the joint torques and the grasp wrench for the i th manipulator.
B. Flexible Object Equations
The flexible object is modeled using free boundary conditions. A finite element analysis is carried out to obtain the values of Φ d (i), and Φ r (i) and the flexible inertial parameters. The object variables are related to the variables at the grasping points by a grasp matrix W. The dimension of W, (6N × 6n) , depends on the number of manipulators and the flexible coordinates. W is decomposed into W p , a (6×6n) matrix, and W e a (N × 6n) matrix. Rewriting (4) for all manipulators:
By differentiation:
Similarly, from (7) and (14) it can be seen that:
W is composed of a set of sub-matrices as follows:
L is a (6n × c) block diagonal matrix selection matrix, that projects the object variables into the connection point space, where the i th component is L i , for i = 1 . . . n. L i is a 
C. System Jacobian Matrix
In this section the rigid arm variables and the flexible object variables are combined to derive two Jacobian matrices, denoted as J p and J e . The matrix J −T p and J −T e relate the joint torques to the rigid and elastic object variables, respectively and are written as: (19) where J −T p is (6 × a) matrix and J −T e is (N × a) matrix. Finally, the system Jacobian matrix is defined as :
D. System Resolution & Identification
The system is resolved by eliminating the variables at the grasping points in (13) by using (14) , (16) and (19) . In order to simplify the development, we denote
Therefore, (13) can be rewritten as:
T . The dynamic model (8) of the object is rewritten in simpler form as:
Finally, by equating (21), (22) and (23), the system dynamics are obtained as:
The matrix W s has dimension (6+N ×a). In the following section, the closed chain system is analyzed by examining this matrix, which in turn leads to an object classification.
IV. CASE STUDIES
A solution for three classes of objects are given for the cooperative system shown in Fig.3 . The objective is to validate the model using a commercial dynamic simulator as shown as shown in Fig.2 . Since the system is planar dim(V p ) = 3. The system is described using modified Denavit and Hartenberg notations [24] given in Table I . The non-zero base inertial parameters are given as:
A. Case 1: Rigid Object
The object is rigid i.e. q e =q e =q e = 0. The system is simulated with 6 actuated joints. Therefore W s = J −T p is a (3 × 6) matrix. 
The solution is identical to that of a parallel robot with rigid legs described in [25] , but represented in the Cartesian space:
which is rewritten as W s τ = F motion . From the structure of W s , it is clear that the system is redundantly actuated, thus the object may undergo internal loading. By definition, the internal loading has no effect on the motion causing forces. Therefore inverting (25) results in the classical formulation for cooperative manipulators [15] :
where Λ may be any matrix that spans the null space of W s and F int denotes the internal forces.
2) Validation:
The Cartesian acceleration,V p , and internal loading are calculated from the joint torque and robot's state. The object's calculated Cartesian acceleration is compared with the Adams equivalent in Fig.4 . The error of the internal forces is given in Fig.5 . In both cases a good correlation is seen.
B. Case 2: Flexible Object
The object is flexible; the elastic variables cannot be controlled, but may be damped by a judicious choice of controller. The system contains 3 actuated joints and the object is modeled using 22 shape functions i.e. 22 elastic variables. (24) the elastic variables are rewritten as:
where for convenience we define A (27) is back-substituted into (24) to obtain the dynamic model of the manipulator:
The 6 × 6 matrix A is the equivalent total inertia matrix of the legs and the flexible object is written as:
The 6 × 6 Jacobian matrix is given by
The 6×1 vector c, the total Coriolis, centrifugal and gravity torques of the legs and the flexible object, is given as:
2) Validation: To validate the model the Cartesian acceleration is obtained by inverting the positive-definite total inertia matrix to solve (28). OnceV p is obtained the generalized elastic variables are calculated from (27). Fig.7 shows a small errors between the ADAMS output and the calculated Cartesian accelerations despite large vibrations. Fig.6 compares the ADAMS output to the calculated values of the generalized elastic variables' acceleration, thus demonstrating how the model can accurately predict vibration in the system.
C. Case 3: Articulated Object
There are sufficient actuators to fully control the object's state. The system contains 6 actuated joints and the object has a degree of flexibility of dimension 3. (24), it is clear that by inverting W s , joint torques can be obtained that allow the system to perfectly achieve a desired rigid body and elastic generalized acceleration. For this type of system, the vibration induced by the flexibility can be perfectly suppressed.
2) Validation:
To validate the model the Cartesian acceleration and the generalized elastic variables are calculated from the joint torques directly by solving (24) . Fig.9 gives a comparison between the ADAMS output and the calculated Cartesian accelerations. Fig.8 displays a comparison between the ADAMS output and the calculated of the generalized elastic variables' acceleration.
V. CONCLUSIONS
This work has outlined a general strategy for modeling cooperative manipulators grasping common objects. The formulation is founded on the decomposition of the system into a rigid and flexible subsystems allowing the variables of each to be calculated separately. A closed form solution for the dynamic model is obtained which, depending on the object, can be resolved in a number of ways. For three different object types, the dynamic model has been compared with a commercial system and the validity of the results have been shown.
The principal advantages of the solution proposed in this paper, with respect to the numerical solution in the simulation software, are computation speed and ease of implementation. In addition to this, the closed form solution can be exploited to generate a series of computed torque control schemes. Future work will focus on the design of these control schemes and the experimental validation of the algorithm.
